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Abstract 
Xue, W., Characterization of rings using direct-projective modules and direct-injective mod- 
ules, Journal of Pure and Applied Algebra 87 (1993) 99-104. 
We characterize hereditary rings and semisimple rings via direct-projective modules and 
direct-injective modules that were introduced by Nicholson. 
Throughout this paper, rings are associative and have identity, all modules are 
unitary left modules, and module homomorphisms are written on the right of 
their arguments. We freely use terminologies and notations of Anderson and 
Fuller [2]. 
If M is an R-module, we denote the endomorphism ring of M by End(M). 
According to Nicholson [14], the module M is called direct-projective if, given any 
summand N of M with projection p : M + N and any epimorphism f : M + N, 
there exists g E End(M) such that gf = p. Dually, M is direct-injective if given any 
summand N of M with injection i : N+ M and any monomorphism f : N+ M, 
there exists g E End(M) such that fg = i. These two concepts are generalizations 
of quasi-projective and quasi-injective, respectively. 
In this paper, we characterize hereditary rings and semihereditary rings via 
direct-projective modules and direct-injective modules. Semisimple rings and 
rings whose factor rings are hereditary are also investigated. 
We first give two examples. 
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Example A. Let R be a local artinian ring such that c(~R) = 3 and c(RR) = 2. If 
0 # r E J(R) then RIRr is direct-projective but not quasi-projective by [4, 
Theorem 3.31. 
Example B. This example is due to Teply and appears in both [9] and [13]. Let 
A = z2[x], A = Al(x) and A = A/(x2). Let 
According to [13, Example 2.61, the R-module M = [i] is direct-injective but not 
quasi-injective. 
Lemma 1 [7]. Let P be projective and PCB M direct-projective. If there is an 
epimorphism f : P-+ M, then M is projective. 
Proof. Since PC3 M is direct-projective, one shows that the epimorphism f 
splits. 0 
Lemma 2. Let E be injective and E 69 N direct-injective. If there is a monomorph- 
km f : N+ E, then N is injective. 
Proof. This can be proved dually. 0 
Since Morita equivalence preserves summands, epimorphisms, and mono- 
morphisms, it must preserve direct-projective (direct-injective) modules. 
A ring R is left PP if each principal left ideal is projective. We denote by R, the 
ring of n by n matrices over R. If M is an R-module, then M” is the product of n 
copies of M. 
Lemma 3. A ring R is left PP if and only if every principal left ideal of R, 
generated by a diagonal matrix is direct-projective. 
Proof. (+) See [6, Lemma 4.21. 
(+) Let r E R and let Z be the principal left ideal of R, generated by the 
diagonal matrix [ 6 y 1. Then Z is a direct-projective R,-module. By [lo], there is a 
Morita equivalence between R,-modules and R-modules via M+ eM, where M is 
an R,-module and e = [A i] E R,. N ow eZ E Rr G3 R as R-modules, so Rr 69 R is a 
direct-projective R-module. Hence Rr is projective by Lemma 1, and then R is 
left PP. Cl 
Basic properties of left (semi-) hereditary rings can be found in [2] and [1.5]. 
Golan [6] proved that a ring R is left (semi-) hereditary if and only if (finitely 
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generated) submodules of a projective R-module are quasi-projective, if and only 
if principal left ideals of End(F) are quasi-projective for any (finitely generated) 
free R-module F. Here we have the following: 
Theorem 4. The following are equivalent for a ring R: 
(1) R is left hereditary. 
(2) Every submodule of a projective R-module is direct-projective. 
(3) Every principal left ideal of S = End(F) is direct-projective for any free 
R-module F. 
(4) Every factor module of an injective R-module is direct-injective. 
(5) Every sum of two injective submodules of an R-module is direct-infective. 
(6) Every sum of two isomorphic injective submodules of an R-module is 
direct-injective. 
Proof. The injective envelope of a module is denoted by E( ). The implications 
(1) j (2), (1) + (4) and (5) + (6) are trivial. 
(2) + (1) Let N be a submodule of a projective R-module P. Let F be a free 
R-module with an epimorphism F+ N. Then F CB N is a submodule of the 
projective R-module F @ P, so F CD N is direct-projective. Hence N is projective 
by Lemma 1, proving (1). 
(l)+(3) If R is left hereditary, then S is left PP [3, Theorem 2.31. 
(3) + (1) If F is a free R-module with the endomorphism ring S, then F2 is a 
free R-module with endomorphism ring S,. By (3), each principal left ideal of S, 
is direct-projective, so S is left PP by Lemma 3 and R is left hereditary by [3, 
Theorem 2.31. 
(4) + (1) Let E be an injective R-module and N a submodule. We shall prove 
that E/N is injective. Let P : E-+ E/N be the natural epimorphism, then we have 
an epimorphism E( E/N) CD E + E(EIN)@(EIN). By (4), E(E/N)@(E/N) is 
direct-injective. Then E/N is injective by Lemma 2. 
(4) + (5) Let F, and E, be two injective submodules of an R-module M. Since 
E, @ E, is injective and there is an epimorphism E, CD E2+ E, + E,, E, + E, is 
direct-injective by (4). 
(6) + (4) Let E be an injective R-module and N a submodule. Let U = E @ E, 
V= {(n, n) E U 1 n E N}, C? = U/V, E, = {(e, 0) E l? 1 e E E}, and E, = ((0, e) E 
I!? 1 e E E}. Then 0 = E, + E, and E, G E (i = 1,2), so 0 is direct-injective by 
(6). Since E, is a summand of 0, U/E, is isomorphic to a summand of 0. Hence 
UIE, is direct-injective. Now there is a canonical isomorphism EIN g UIE, via 
e + N-(0, e) + E, and so E/N is direct-injective. Cl 
An analogous result for semihereditary rings is the following: 
Theorem 5. The following are equivalent for a ring R: 
(1) R is left semihereditary. 
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(2) Every finitely generated submodule of a (finitely generated) projective 
R-module is direct-projective. 
(3) Every finitely generated (principal) left ideal of R, is direct-projective for all 
nrl. 0 
If M is an R-module and A is any non-empty set, then a direct product (sum) of 
IA/-copies of M is denoted by MA (MCA’), and M is Ill-quasi-injective (X-quasi- 
projective) if MA (MCA’) is quasi-injective (quasi-projective) for any A. Next we 
consider rings whose factor rings are hereditary. An interesting result of Fuller [4, 
Theorem 1.21 states that an R-module M is fl-quasi-injective if and only if it is 
injective over R/Ann,(M), where Ann,(M) = {r E R 1 rM = O}. The equivalence 
(1) e (2) of the following theorem was mentioned in [l, Erratum]. 
Theorem 6. The following are equivalent for a ring R: 
(1) Every factor ring of R is left hereditary. 
(2) Every factor module of a IT-quasi-injective R-module is quasi-injective. 
(3) Every factor module of a IT-quasi-injective R-module is direct-injective. 
(4) Every sum of two isomorphic II-quasi-injective submodules of an R-module 
is direct-injective. 
(5) Every sum of two isomorphic II-quasi-injective submodules of an R-module 
is quasi-injective. 
Proof. Since quasi-injective modules are direct-injective, we have (2) + (3) and 
(5) 3 (4). 
(1) + (2) Let E be a U-quasi-injective R-module with a submodule N. Then E 
is injective over the left hereditary ring R/Ann,(E) by [4, Theorem 1.21, and so 
EIN is injective over R/Ann,(E). Hence EIN is quasi-injective over R. 
(3) 3 (4) Let E, and E, be two isomorphic n-quasi-injective submodules of an 
R-module. Then E, CD E, is still D-quasi-injective and has E, + E, as an epi- 
morphic image, so E, + E, is direct-injective. 
(4)+ (1) Let Z be an ideal of R and S = R/I. Let E, z E, be injective 
submodules of an S-module. Viewing E, (i = 1,2) as an R-module, we have 
ZEi = 0, so I C ni Ann,(E,) = Ann,(E, + E2). Then Ej is injective over Ri 
Ann,(E, + E2) and it is D-quasi-injective over R by [4, Theorem 1.21. Hence 
E, + E, is direct-injective over R and so is direct-injective over S = R/Z. So S is 
left hereditary by Theorem 4. 
(1) 3 (5) Let E, and E, be two isomorphic n-quasi-injective submodules of an 
R-module. Then Ann,(E,) = Ann,(E,) = I is an ideal of R and so R/Z is left 
hereditary. By [4, Theorem 1.21 again, each E, is injective over the left hereditary 
ring R/I, hence E, + E, is injective over R/Z. It follows that E, + E, is quasi- 
injective over R. 0 
Theorem 7. If R is a ring over which submodules of X-quasi-projective modules 
are direct-projective, then every factor ring of R is left hereditary. 
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Proof. Let Z be an ideal of R and S = R/Z. Let P be a projective S-module with a 
submodule N. For any non-empty set A, P (A) is still a projective S-module. By [6, 
Corollary 3.11, PCA) is quasi-projective as an R-module, hence P is a X-quasi- 
projective R-module. Therefore, N is a direct-projective R-module by hypothesis. 
Then N is direct-projective as an S-module. By Theorem 4, S is left 
hereditary. 0 
We do not know whether or not the converse of the above theorem is true, but 
we do have the following: 
Proposition 8. Zf every factor ring of R is left hereditary then J(R)2 = 0, where J(R) 
is the (Jacobson) radical of R. 
Proof. Let J = J(R) and S = RIJ2. Consider the exact sequence of left S-modules 
O+ J21J” -+ J/J” + J/J2 + 0 
Since J/J2 is a left ideal of the left hereditary ring R/J2 = S, J/J2 is projective. 
Hence the above exact sequence splits and J/J3 z J2/J3 @ J/J2 as S-modules. But 
J(S) = J/J2 annihilates J2/J3 Ci? J/J’, so 0 = J(S)(JIJ3) = J2/J3, and then J2 = J’. 
But R is also left hereditary, so J2 is a projective R-module. Hence J2 # 0 implies 
J3 # J’. Thus J2 = 0 as we promised. 0 
The converse of Theorem 7 is true for a semilocal ring R by Proposition 8 and 
[5, Theorem 4.21 (or [6, Theorem 5.11). This also follows from [S, Theorem 11. 
Koehler [ll, 121 characterized semisimple rings using quasi-projective modules 
and quasi-injective modules. Using her results and ideas we have our concluding 
result. 
Theorem 9. The following are equivalent for a ring R: 
(1) R is semisimple. 
(2) Every (finitely g enerated) R-module is direct-projective. 
(3) Every 2-generated R-module is direct-projective. 
(4) The direct sum of two direct-projective R-modules is direct-projective. 
(5) The direct sum of two quasi-projective R-modules is direct-projective. 
(6) For all n z- 1, every cyclic R,-module is direct-projective. 
(7) There exists some n > 1 such that every cyclic R,-module is direct-projective. 
(8) Every R-module is direct-injective. 
(9) The R-module RR is direct-injective and the direct sum of two direct-injective 
R-modules is direct-injective. 
Proof. (l)+(2)+(3), (l)+(4)+(5), (l)+(6)+(7) and (l)+(8)+(9). 
These are trivial. 
(3)+ (1) Let Z be a left ideal of R. Since R@(RIZ) is direct-projective by 
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hypothesis, R/Z is projective by Lemma 1. Hence I is a summand of R, proving 
(1). 
(5) + (1) If T is a simple R-module then R CB T is direct-projective by (5). It 
follows from Lemma 1 that T is projective, hence R is semisimple. 
(7) $ (1) Let Z be a left ideal of R. To show that R/I is projective we denote by 
Z, the left ideal of R, consisting of all matrices with entries from I. Let eLi E R, 
be the matrix units. Then R,lZ,e,, s P@ M as left R,,-modules, where M = 
R,e,,lI,,e,, and P = c:=, R,e,,. Hence PC33 M is a direct-projective R,-module by 
(7). Clearly, P is projective and there is an R,-epimorphism P+ M via 
('ij)- (r;j)e*, + Le,,. It follows from Lemma 1 that M is a projective R,,-module. 
By [lo], there is a Morita equivalence between R,-modules and R-modules via 
M- e,,M. Since M is a projective R,-module, e,,M E R/Z is a projective 
R-module. 
(9) + (1) If M is a direct-injective R-module, then E(M) CT3 M is direct-injective 
by hypothesis, and so M is injective by Lemma 2. We have shown that each 
direct-injective R-module is injective, hence R is semisimple by [ll, Corollary 
2.41. 0 
Note added in proof. [March 2, 19931 The equivalence of (l), (2) and (4) of 
Theorem 9 was proved by A.K. Tiwary and P.C. Bharadwaj (Direct projective 
modules, Bull. Inst. Math. Acad. Sinica 7 (1979) 349-355). 
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